Introduction
In the number field context, a prime M is called a Mersenne prime if it is of the form M = 2 p − 1 for some prime p. The Mersenne primes are among the integers of the form (1 + a) m − 1, where a, m are positive integers. It is a classical result that if (1 + a) m − 1 is a prime for some positive integers a, m with m ≥ 2, then it is necessary that a = 1 and m = p for some prime p.
There are many strong analogies between number fields and function fields. We refer the reader to the excellent references [2] , [11] , [14] for these analogies. The analogous pictures between number fields and function fields are clearly reflected when one considers the analogies between the two couples (Z, Q) and (F[T ], F(T )), where F is a finite field. The aim of this article is to search for new analogous phenomena between number fields and function fields. Specifically we will study the notion of Mersenne primes in the Carlitz module context, and relate them to the arithmetic of cyclotomic function fields. We also study the acquaintances of Mersenne primes including Wieferich and non-Wieferich primes in the Carlitz module setting that were introduced by Thakur [13] [16] .
Let us now introduce a Carlitz analogue of Mersenne primes. We begin by introducing some basic notation used here.
Let q = p s , where p is a prime and s is a positive integer. Let F q be the finite field of q elements. Let A = F q [T ], and let k = F q (T ). Let τ be the mapping defined by τ (x) = x q , and let k τ denote the twisted polynomial ring. Let C : A → k τ (a → C a ) be the Carlitz module given by C T = T + τ . Let R be a commutative k-algebra. The definition of the Carlitz module C is equivalent to saying that C T (a) = T a + a q for every a ∈ R. It is known that C m (x) is analogous to (1 + x) m − 1 ∈ Z [x] . This analogy suggests the following definition: a prime in A is called a Mersenne prime if it is of the form αC P (1), where P is a monic prime in A and α is a unit in A.
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To draw an analogy between the above notion of Mersenne primes and that of Mersenne primes in the number field context, we prove in Section 2 a Carlitz module analogue of the classical result in elementary number theory that was mentioned in the first paragraph of this introduction.
Let us now describe the content of the paper. In Section 2, we introduce the notions of Mersenne numbers and Mersenne primes in the Carlitz module context. As remarked in [9] , it is not known whether there are infinitely many primes p for which the Mersenne numbers 2 p − 1 are composite. In contrast to the number field setting, we prove in the Carlitz module context that for every q > 2, there are infinitely many monic primes ℘ in F q [T ] such that the Mersenne numbers C ℘ (1) are composite.
In Section 3, we recall the notions of Wieferich and non-Wieferich primes in the Carlitz module context that were introduced by Dinesh Thakur [13] [16] . Theorem 3.3 shows that every Mersenne prime is a non-Wieferich prime, which is analogous to a similar statement in the number field context.
It is a classical result in elementary number theory that for a given odd prime p, every prime q dividing the Mersenne number M p := 2 p − 1 satisfies q ≡ 1 (mod p). The classical proof of this result is based on the notion of the order of an element modulo a prime. In Section 4, we prove a Carlitz module analogue of this result which states that for a given monic prime P in A, every monic prime Q dividing the Mersenne number M P := αC P (1) with α ∈ F × q satisfies Q ≡ 1 (mod P ). In order to prove this result, we introduce in Section 4 a notion of the Carlitz annihilator of a prime that is analogous to that of the order of an element modulo a prime. In the last section, using the arithmetic of cyclotomic function fields, we prove a criterion for determining whether a Mersenne number is prime.
It is worth mentioning that Dinesh Thakur [16] found interesting relations linking Wieferich primes in the function field context to zeta values.
1.1. Notation. In addition to the notation introduced before, let us fix some basic notation and definitions used throughout the paper.
Every nonzero element m ∈ A can be written in the form m = α n T n + · · · + α 1 T + α 0 , where the α i are elements in F q and α n = 0. When m is of the form as above, we say that the degree of m is n. In notation, we write deg(m) = n. We use the standard convention that deg(0) = −∞.
For each m ∈ A, define |m| := q deg(m) . Note that |m| is the number of elements of the finite ring A/mA. For basic properties of | · |, we refer the reader to [11] .
Fix an algebraic closurek of k, and set Λ := {λ ∈k | C m (λ) = 0 for some nonzero m ∈ A}.
For every nonzero element m ∈ A, define Λ m := {λ ∈k | C m (λ) = 0}. We recall the following definition. 
A Carlitz module analogue of Mersenne primes
Let m ∈ A be a monic polynomial of degree d ≥ 1. By [11, Proposition 12 .11], we can write
and hence
It is well-known that C m (x) = a|m a monic Φ a (x), where Φ a (x) ∈ A[x] is the a-th cyclotomic polynomial.
If m = P for some monic irreducible polynomial P , then it is well-known [5] that Φ P (x) = C P (x)/x is an Eisenstein polynomial at P , i.e., the polynomial [m, i] is congruent to zero modulo P for each 1 ≤ i ≤ d − 1, and m is divisible by P but not divisible by P 2 . From the discussion above, we see that C m (x) is analogous to the polynomial
in the classical cyclotomic theory. We now prove a lemma that naturally motivates the notions of Mersenne numbers and Mersenne primes in the Carlitz module setting.
Lemma 2.1. Let m ∈ A be a monic polynomial of degree d ≥ 1, and let α ∈ A be a polynomial of degree h ≥ 0. Assume that q ≥ 3 and C m (α) is a monic prime in A. Then m is a monic prime in A and α belongs to F × q . Proof. By (1), we know that C m (α) = αQ, where
Since C m (α) = αQ and C m (α) is a prime, we deduce that α and Q are nonzero.
If deg(α) = h ≥ 1, then there exists at least one prime of positive degree in the prime factorization of α. Since C m (α) is a prime in A, it follows that α is prime, and thus Q is a unit in A, that is, Q belongs to F × q . Therefore the degree of Q is zero.
, and thus the degree in
, and thus
Hence we deduce that h(
, and thus the degree in T of α q d −1 is greater than the degree in T of m. Therefore it follows from (2) that the degree in T of Q is h(q d − 1). This implies that Q is not a unit in A, which is a contradiction. This contradiction implies that the degree of α is zero, and thus α belongs to F × q . We now prove that m is a prime in A. Assume the contrary, that is, m is not a prime in A. Hence m can be written in the form m = P 1 P 2 · · · P s , where s ≥ 2 and the P i are (not necessarily distinct) monic primes in A. For each 1 ≤ i ≤ s, let d i ≥ 1 be the degree in T of P i . By [17, Proposition 12.3 .13], we know that
where Φ a (x) ∈ A[x] is the a-th cyclotomic polynomial for each monic element a dividing m.
We know that
and it thus follows that
Similarly we can prove that q d1−1 > d 1 , and thus the degree in T of [P 1 , d 1 − 1] is greater than the degree in T of P 1 . Since α is a unit in A, it follows from (4) that the degree in T of Φ P1 (α) is q d1−1 ≥ 1. Similarly one can show that the degree in T of Φ P2 (α) is q d2−1 ≥ 1. By (3), we can write
Since Φ P1 (α), Φ P2 (α) are non-units in A, we deduce from the last identity that C m (α) is not prime in A, which is a contradiction. This contradiction establishes that m is a prime in A.
(i) A Mersenne number in A is a polynomial of the form αC P (1), where P is a monic prime in A and α is an element in F × q . (ii) A Mersenne prime in A is a prime of the form αC P (1), where P is a monic prime in A and α is an element in F × q .
Example 2.3. Throughout this example, fix q = 3. Let
. We know that {℘ 1 , ℘ 2 , ℘ 3 } consists of all monic irreducible polynomials of degree 2 in A. We see that
Since the M ℘i are primes in A, the set S 2 ⊂ A defined by
consists of all Mersenne primes of the form αC P (1), where P is a monic prime in F 3 [T ] of degree 2 and α ∈ F × 3 . Remark 2.4. In the number field setting, it is not known whether there are infinitely many Mersenne primes. Furthermore we do not know whether there exist infinitely many prime numbers p for which the Mersenne numbers 2 p − 1 are composite (see, for example, [9] ). In the Carlitz module context with q > 2, the latter has an affirmative answer, i.e., for each q > 2, there exist infinitely many monic primes ℘ in F q [T ] for which the Mersenne numbers C ℘ (1) are composite. The rest of this section is devoted to proving this result.
We recall a Carlitz module analogue of Fermat's little theorem which is a direct consequence of [5, Proposition 2.4].
Lemma 2.5. Let P be a monic prime in A, and let α be a polynomial in A. Then C P −1 (α) ≡ 0 (mod P ).
Corollary 2.6. Let P be a monic prime in A. Then C P −1 (1) ≡ 0 (mod P ).
We recall a theorem of Hall's [3] that plays a key role in the proof of Theorem 2.8. Proof. It follows from Theorem 2.7 that there exist infinitely many primes ℘, P ∈ A such that P = ℘+1. Take such primes ℘, P of degree n ≥ 2 in A. We will prove that the Mersenne number C ℘ (1) is composite.
By Corollary 2.6, we deduce that C ℘ (1) = C P −1 (1) ≡ 0 (mod P ), and hence P divides C ℘ (1). Assume the contrary, that is, C ℘ (1) is a prime. Since P divides C ℘ (1), it follows that C ℘ (1) = αP for some unit α in A. Hence
By [11, Proposition 12.11] and since the degree of ℘ is n, we can write C ℘ (x) ∈ A[x] in the form
where [℘, i] is a polynomial of degree q i (n − i) for each 1 ≤ i ≤ n − 1. Hence
Using Bernoulli's inequality, we see that q n−i−1 ≥ 1 + (q − 1)(n − i − 1) for every 0 ≤ i ≤ n − 2. Since q > 2 and n − i − 1 ≥ 1 for each 0 ≤ i ≤ n − 2, we deduce that 1 + (q − 1)(n − i − 1) > n − i, and thus
for every 0 ≤ i ≤ n − 2. It thus follows from (6) that the degree of C ℘ (1) is q n−1 , which contradicts (5). Thus C ℘ (1) is composite, which proves our contention.
Wieferich primes and non-Wieferich primes
In this section, we recall the notion of Wieferich primes in A that was introduced by Thakur [13] [16] . The aim of this section is to prove that a Mersenne prime is a non-Wieferich prime, which is analogous to a similar statement in the number field context. We begin by recalling the notions of Wieferich primes and non-Wieferich primes in the function field context. Definition 3.1. (see [13] and [16] ) Let q > 2, and let ℘ be a prime in A. Let α be the leading coefficient of ℘, and let P be the unique monic prime in A such that ℘ = αP . The prime ℘ is called a Wieferich prime if C P −1 (1) ≡ 0 (mod P 2 ).
Definition 3.2. (see [13] and [16])
We maintain the same notation and assumptions as in Definition 3.1. The prime ℘ is called a nonWieferich prime if C P −1 (1) ≡ 0 (mod P 2 ).
In the number field case, it is a classical result that a Mersenne prime p ∈ Z is a non-Wieferich prime. We now prove a Carlitz module analogue of this result. Theorem 3.3. Assume that q > 2. Let M P = αC P (1) be a Mersenne prime, where α is a unit in A and P is a monic prime in A. Then M P is a non-Wieferich prime.
Proof. Let β ∈ F × q be the leading coefficient of M P , and let ℘ be the unique monic prime in A such that M P = β℘. Define
We see that
By Corollary 2.6, we know that γ℘ − 1 = C P (1) − 1 = C P −1 (1) ≡ 0 (mod P ), and thus there exists a nonzero element Q in A such that
Assume the contrary, that is, M P is a Wieferich prime. Therefore we deduce that
Hence it follows from (8) that C Q (γ℘) = C Q (C P (1)) = C P Q (1) ≡ γ − 1 (mod ℘ 2 ), and therefore
Let r ≥ 0 be the degree of Q. If r = 0, we see that Q is a unit in F × q . Hence C Q (γ℘) = Qγ℘, and it thus follows from (10) that Qγ℘ − (γ − 1) ≡ 0 (mod ℘ 2 ). Thus ℘ 2 divides Qγ℘ − (γ − 1), which implies that 
By (10), we deduce that
and thus there is an element R in A such that
We deduce from (11) that (γ − 1) ℘ ∈ A, and thus ℘ divides γ − 1. Since γ − 1 belongs to F q and ℘ is a monic prime of positive degree, we deduce that γ − 1 = 0, and hence γ = 1. For 1 ≤ i ≤ r, we see that q i − 1 ≥ 1, and it thus follows that ℘
By (11), (12) and since γ = 1, we deduce from the last congruences that 0
. Therefore there exists a nonzero element P 1 ∈ A such that P 1 ℘ = Q. By (9) and since γ = 1, we deduce that ℘ − 1 = P Q = P (P 1 ℘), and thus ℘(1 − P 1 P ) = 1. Therefore ℘ is a unit in A, which is a contradiction. Thus M P is a non-Wieferich prime.
Thakur [16] recently found interesting relations linking Wieferich primes in the function field context to zeta values. Also in [16] , Thakur made the following conjecture that relates the degree of a Wieferich prime to the characteristic p. 
The Carlitz annihilators of primes
In this section, we introduce a notion of the Carlitz annihilator of a prime. By way of illustration, we prove a Carlitz module analogue of a classical result concerning congruences for prime divisors of the Mersenne numbers in elementary number theory.
For a monic prime P ∈ A, we know from Corollary 2.6 that C P −1 (1) ≡ 0 (mod P ). Hence using Proposition 1.6.5 and Lemma 1.6.8 in [2] , the following result follows immediately. Proposition 4.1. Let P be a monic prime in A of positive degree. Then there exists a unique monic polynomial ℘ P ∈ A of positive degree satisfying the following.
(i) C ℘P (1) ≡ 0 (mod P ); (ii) for any nonzero element a ∈ A, ℘ P divides a if and only if C a (1) ≡ 0 (mod P ); and Proposition 4.1 motivates the following definition that is a Carlitz module analogue of the order of an element in a finite group. Definition 4.2. Let P be a monic prime in A of positive degree, and let ℘ P be the unique monic polynomial satisfying (i), (ii) in Proposition 4.1. The polynomial ℘ P is called the Carlitz annihilator of P .
By Corollary 2.6 and part (ii) of Proposition 4.1, the following result follows immediately. Lemma 4.3. Let P be a monic prime in A, and let ℘ P be the Carlitz annihilator of P . Then ℘ P divides P − 1.
Return to the number field context, and let M p := 2 p − 1 be a Mersenne number for some odd prime p. A classical result in elementary number theory says that any prime q dividing M p satisfies q ≡ 1 (mod p) (for a proof of this result, see, for example, [7, Theorem 3] ). We now prove a Carlitz module analogue of this result using the notion of the Carlitz annihilator of a prime in a similar manner that the notion of the order of an integer modulo a prime appears in the proof of the analogous result in the number field context mentioned above.
Theorem 4.4. Let P be a monic prime in A, and let M P := αC P (1) be a Mersenne number, where α is an element in F × q . Then Q ≡ 1 (mod P ) for any monic prime Q dividing M P . Proof. Let Q be any monic prime in A such that Q divides M P . Thus M P = αC P (1) ≡ 0 (mod Q). Since α is a unit in A and Q is a monic prime, it follows that
Let ℘ Q be the Carlitz annihilator of Q. By part (ii) of Proposition 4.1 and (13), we deduce that ℘ Q divides P . Since ℘ Q is a monic polynomial of positive degree and P is a monic prime in A, it follows that ℘ Q = P . By Lemma 4.3, we know that ℘ Q divides Q − 1, and thus P divides Q − 1. Therefore Q ≡ 1 (mod P ), which proves our contention.
As a by-product of Theorem 4.4, one obtains the following result that precisely describes the Carlitz annihilator of any monic prime occurring in the prime factorization of a Mersenne number.
Corollary 4.5. Let P be a monic prime in A, and let M P := αC P (1) be a Mersenne number, where α is an element in F × q . Let Q be a monic prime in A such that Q divides M P , and let ℘ Q be the Carlitz annilator of Q. Then ℘ Q = P .
Proof. Following the proof of Theorem 4.4, we derive Corollary 4.5 immediately.
The following result fully characterizes all monic primes P for which ℘ P is a prime. Corollary 4.6. Let P be a monic prime in A, and let ℘ P be the Carlitz annihilator of P . Then ℘ P is a prime if and only if P divides C Q (1) for some monic prime Q.
Proof. Assume that P divides C Q (1) for some monic prime Q. It follows from Corollary 4.5 that ℘ P = Q, and thus ℘ P is a prime.
Conversely assume that ℘ P is a prime, say Q. By Proposition 4.1, we see that C Q (1) = C ℘P (1) ≡ 0 (mod P ), and thus P divides C Q (1).
A criterion for determining whether a Mersenne number is prime
In this section, we prove a criterion for determining whether a Mersenne number is prime. The criterion relies on primality of certain elements in cyclotomic function fields. For the notation used in this section, we refer the reader to Subsection 1.1.
Theorem 5.1. Let P be a monic prime in A. Let M P := αC P (1) be a Mersenne number, where α is an element in F × q . Let K P be the P -th cyclotomic function field. Then M P is a prime in A if and only if 1 − λ P is a prime element in the ring of integers O P of K P . Furthermore when M P is a prime, M P splits completely in K P .
Proof. Throughout the proof, let Φ P be the P -th cyclotomic polynomial. It is known [5, Proposition 2.4] that M P = αC P (1) = αΦ P (1).
Assume that M P is a prime in A. It follows that Φ P (1) is a prime in A. We know that
be the prime ideal factorization of the principal ideal (1 − λ P )O P in O P , where the B i are distinct prime ideals in O P and the ǫ i are positive integers. For each 1 ≤ i ≤ h, let p i be the prime ideal of k lying below B i , and let f i := f (B i /p i ) denote the relative degree of B i over p i . Let N KP /k denote the norm map on ideals of K P over k.
We know from (14), (15) and [1, Theorem 3.1.3] that
Since Φ P (1) is a prime in A, we derive that Φ P (1)A is a prime ideal of A. Thus it follows from the above equation that h = ǫ 1 = f 1 = 1. Therefore we deduce from (15) that (1 − λ P )O P = B 1 , which is a prime ideal. Hence 1 − λ P is a prime element in O P . Conversely suppose that 1 − λ P is a prime element in O P . Hence there is a prime ideal B in O P such that (1 − λ P )O P = B. Let p be the prime ideal of k lying below B, and let f := f (B/p) be the relative degree of B over p. Since A is a principal ideal domain, there exists a monic prime ℘ in A such that p = ℘A. Using [1, Theorem 3.1.3] and repeating the same arguments as above, we deduce that
Thus ℘ f divides Φ P (1), and hence ℘ divides Φ P (1). Hence ℘ divides M P , and it thus follows from Theorem 4.4 that ℘ ≡ 1 (mod P ). By [11, Theorem 12 .10], we deduce that ℘A splits completely in K P , and therefore f = 1. Hence Φ P (1)A = ℘A, which implies that Φ P (1) is a prime in A. Therefore M P is a prime.
Finally when M P is a prime, we see that since α is a unit in A, there exists a monic prime ℘ in A such that M P A = αΦ P (1)A = ℘A. Using the same arguments as above, we deduce that ℘ ≡ 1 (mod P ), and therefore M P A = ℘A splits completely in K P .
Remark 5.2. Theorem 5.1 is a Carlitz module analogue of the corollary to [6, Theorem 3] in the classical cyclotomic theory. Although we have adapted the ideas in the proof of the corollary in [6] to the proof of Theorem 5.1 in the Carlitz module context, there is a substantial difference between the two proofs. To be more specific, note that the congruence ℘ ≡ 1 (mod P ) is a key step in both the proof of Theorem 5.1 and that of the corollary to [6, Theorem 3] , where ℘ is any prime dividing the Mersenne number M P . In the number field case, this congruence is a well-known result and can be derived using the notion of the orders of elements modulo primes (see [7, Theorem 3] for a proof of this congruence). The congruence ℘ ≡ 1 (mod P ) in the number field context can also be proved using some facts about primes dividing the norms of certain cyclotomic elements as shown in [6] . In the Carlitz module context, we need to introduce the notion of the Carlitz annihilator of a prime as a replacement for that of the order of an element modulo a prime to derive the congruence ℘ ≡ 1 (mod P ).
